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ABSTRACT: In a plane-wave matrix model we discuss a two-body scattering of gravitons
in the SO(3) symmetric space. In this case the graviton solutions are point-like in contrast
to the scattering in the SO(6) symmetric space where spherical membranes are interpreted
as gravitons. We concentrate on a configuration in the 1-2 plane where a graviton rotates
with a constant radius and the other one elliptically rotates. Then the one-loop effective
action is computed by using the background field method. As the result, we obtain the
1/r7-type interaction potential, which strongly suggests that the scattering in the matrix
model would be closely related to that in the light-front eleven-dimensional supergravity.
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1. Introduction and summary

M-theory is considered as the unified theory of superstring theories. The basic degrees
of freedom of string theory and M-theory are fully encoded in matrix models [i]-f]. The
matrix model approaches lead to non-perturbative formulations of superstring theory and
M-theory. For example, the BFSS matrix model is a supersymmetric matrix quantum
mechanics, which is believed to be a discrete light-cone quantized M-theory (light-front
M-theory). The matrix model also describes the low-energy dynamics of N DO-branes
of type ITA superstring theory [fl]. Furthermore it goes to the light-cone action for the
supermembrane in eleven dimensions [f] in the large N limit. The same type of matrix
model as the BFSS matrix model can be obtained from the supermembrane theory via a
matrix regularization [f].

The matrix model on a pp-wave background was proposed by Berenstein-Maldacena-
Nastase (BMN) [, and it is often called plane-wave matrix model or BMN matrix model.
The pp-wave background is given by the following metric and the constant four-form field

strength [:
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This background is maximally supersymmetric and preserves 32 supersymmetries. The
action of the matrix model is given by'

1 R
Spp = / dt Tr[ﬁDtXIDtXI + Z([XI,XJ])2 +i0'D;0 — ROy [0, X1]
L orpN2 o L2 Mok yiyi vk M 12
(B (xir- = (—) x2 _ ik xixixk _ Fof 3@] 1.2
2R(3>() ok \g) (X7 —ige 98l 1Y)
where the indices of the transverse nine-dimensional space are I,J =1,...,9 and R is the

radius of the circle compactified along = . All degrees of freedom are N x N Hermitian
matrices and the covariant derivative D; with the gauge field A is defined by D; = 0y —
i[A, ]. The plane-wave matrix model can be obtained from the supermembrane theory on
the pp-wave background [, fJ] via the matrix regularization [ff]. In particular, in the case of
the pp-wave, the correspondence of superalgebra [L(] between the supermembrane theory
and the matrix model, including brane charges, is established by the works [B] and [LT].
Then an N = (4,4) type ITA string theory can be constructed from the supermembrane
theory on the pp-wave [[J, [[3]. The corresponding matrix string theory on the pp-wave
has been constructed in [[J] by using the method [[4] (For other matrix string theories on
pp-waves, see [[[]).

This matrix model may be considered as a deformation of the BFSS matrix model
while it still preserves 32 supersymmetries. The plane-wave matrix model allows a static
1/2 BPS fuzzy sphere with zero light-cone energy to exist as a classical solution, since the
action of the matrix model includes the Myers term [[]. The structure of the vacua of the
plane-wave matrix model is enriched by the fuzzy sphere. The spectra around the vacua
are now fully clarified [§, [7-[Lg]. The trivial vacuum X' = 0 has also been identified with
a single spherical five-brane vacuum in [] Except for the static fuzzy sphere, there are
various classical solutions and those are well studied 1, [L1], 3, RJ]. Stabilities of the fuzzy
sphere are shown in several papers [§, B4, B§]. Thermal stabilities of classical solutions are
also investigated in [24-R§].

In our previous papers [P§, BJ], we have discussed a two-body scattering of spherical
membranes which are considered as giant gravitons. Then we considered a configuration in
a sub-plane in the SO(6) symmetric space where a spherical membrane (with p™ = N /R)
rotates with a constant radius 71 and another one (with p™ = Ny/R) elliptically rotates
with 79 + €. For this setup we have computed the effective action by using the background

field method. The resulting effective action with respect to r =ro — ry is?

N N. NN 1
Feff:€4/dt|: 35 NiN; 385 N12+N22)—1] 1 2+O<r_>]+0(66)'

27 . 3 707 211 .33 [2( r9 11

This result strongly suggests that the spherical membranes should be interpreted as spher-
ical gravitons as discussed by Kabat and Taylor [B0]. Here we should remark that the
subleading term is 1/7 and it is repulsive. In the BFSS case the subleading term is 1/r!!
order and it implies the dipole-dipole interaction. According to the interpretation, the

"Hereafter we will rescale the gauge field and parameters as A — RA, t —t/R, u — Ru.
2In fact, r should be understood as |r2 — 71|, as noted in @]
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Figure 1: The configurations of two gravitons.

1/r? term would imply the dipole-graviton interaction. This is a new effect intrinsic to the
pp-wave background.

In this paper we will discuss a two-body scattering in the SO(3) symmetric space.
Then the configuration for the computation consists of two point-like gravitons in contrast
to the spherical membrane cases. The one rotates with a constant radius 71 and the other
elliptically rotates with 75 + €, as drawn in figure fl. The resulting effective action is

351 385 1 1
Tg=e¢*[dt| ==+ 10 = O(e%).
off =€ / [24r7+576r9+ <r11> ]+ (")

In contrast to the spherical membrane cases, the subleading term becomes attractive.

obtained as

The organization of this paper is as follows: in section fl, by using the background
field method around the setup mentioned above, we compute the functional determinants.
Before performing the path integral for the fluctuations, it is necessary to take care of
the time-dependence of the configuration of classical solutions. In section [J the functional
determinants are evaluated by expanding them with respect to the infinitesimal parameter
¢. The evaluation is too complicated, and so we use the Mathematica [BI]. The resulting
effective action gives rise to the 1/r’-type potential as the leading term. Section [ is
devoted to a conclusion and discussions.

2. Two-body interaction of point-like gravitons

From now on, let us examine the interaction potential between the point-like gravitons
by using the setup proposed in Fig.[]. We will use the background field method as usual.
Then the matrix fields are decomposed into backgrounds and fluctuations as follows:

X' =Bl+v!, ©=04+170. (2.1)

Here B! are classical backgrounds while Y/ and ¥ are quantum fluctuations around them.
The fermionic background is taken to be zero.



The background for the configuration in Fig.[] is described by the following 2 x 2

BL 0
Bf:<él>BI> (I=1,...,9),
(2)

matrices:

o . (M
B(ll) = 71 COS <§t> s B(Ql) = 71 8ln (gt) ,
H (M
B(12) = (r2 +¢€) cos (gt) ) B(22) = (rg — €)sin (gt)
Bly=Bly=0 (s=12;a=4,...,9). (2.2)

Two gravitons rotating in the 1-2 plane are diagonally embedded. Each of the gravitons
carries a unit of the light-cone momentum and it is represented by a 1 x 1 matrix. One of
them rotates with a constant radius r; and the other one rotates elliptically with ro £ €.
In order to perform the path integral for the fluctuations, we need to fix the gauge
symmetry. In the matrix model computation, it is convenient to choose the background
field gauge,
DPEAk = DA +i[B', X' =0. (2.3)

qu —

Then the corresponding gauge-fixing Sqr and Faddeev-Popov ghost Sgp terms are given by
1 ~ _
Sar + Spp = / dt Tr <—§(DBgAgu)2 — CoD;C + [BY, C][ X1, C]> . (2.4)

Now, by inserting the decomposition of the matrix fields (R.1) into the matrix model action,
we get the gauge fixed plane-wave action S (= Spp, + Sgr + Srp) expanded around the
background. The resulting action is read as S = Sp+ Sy +S3+ Sy, where S,, represents the
action of order n with respect to the quantum fluctuations and, for each n, its expression
is

_ AT _BI 2__<_) Bt 2__(_) Ba2 - B[ BJ 2_ P Z]kBZB]Bk
so= [arm| 575 (5) 95 (5) (P (8 B -ite ,
1. : 1 o
Sy = /dt Tr[g(YI)Q —%BIA Y] + 5([31, Y/N?2 + B, BY[YL, 7] —ipei*Biyy*
1 2 1 2 .
3 (%) (Y)? =3 (%) (Y*)? +ivTo — vy (v, BT - i%xywmqf

A= (BT, )+ 6O+ (B OB, C]} ,
Sy = / dt Tr[ — YA, YT — (A, BI)[A, Y + (BT, Y)Y, Y]+ wiA, ¥
— Ui [w, Y] - igeijkYinYk —iC[A, C) + [BL, O|IY, C]] :
Sy = /dt Tr[ _ %([A, Y2 + i([yf, Y"])Q} . (2.5)

Here the action of the first order becomes zero by using the equations of motion.



For the justification of one-loop computation or the semi-classical analysis, it should be
made clear that S3 and Sy can be regarded as perturbations. For this purpose, following [§],
we rescale the fluctuations and parameters as

A— ,u_l/QA, y! —>,u_1/2YI, C —>,u_1/20, C— ,u_l/ZC',

rio — urie, €—pue, t— ptt. (2.6)

Under this rescaling, the action S becomes
S =Sy 4+ pu"3285 + 138y, (2.7)

where the parameter p in S5, S3 and Sy has been replaced by 1 and so those do not have
u dependence. Now it is obvious that, in the large p limit, S3 and S4 can be treated
as perturbations and the one-loop computation gives the sensible result. Note that the
analysis in the Sy part is exact in the u — oo limit.

Based on the structure of the classical background, we now take the quantum fluctu-
ations in the 2 x 2 off-diagonal matrices:

0 o 0 of 0 x
A= y! = U=
0 C _ 0 C
C = C=1 - . 2.8
(CT 0) ' (CT 0) (2:8)

Here we are interested in the interaction between the gravitons and so we set the diagonal
components to zero. It is an easy task to show the quantum stability of each of the gravitons
by following the method in [RH, RJ].

It is convenient to introduce the following quantities:

1
02 +1r2+m?2’

2
r=7r9—1, g(t) = €2 + 2er cos <§t> , Gn (2.9)

Here G,, is a propagator for a mass m. By using them we can express the functional
determinants after the path integral in simpler forms. We will perform the path integral
below for each of the parts, bosons, ghosts and fermions.

2.1 Boson fluctuation

Let us first consider the bosonic parts. The Lagrangian Ly is composed of two parts:

Ly = Lso) + Lsogs) » (2.10)
) . A 1
Lso) = —|®°* + (r* + g(t)) |®° + |']> — (* + g(1))|®"]* — yl@’\Q (2.11)
2 ¢ 2 ¢
+5i(r + ¢)sin <§> (@7@" — &11e°) — Zi(r — ) cos <§> (cI>OT<I>2 - <1>2T<1>0)

t t
—i(r + €) cos <§> (¥ P3 — ®31®?) — i(r — ¢) sin <§> (@3l — olT93)

5 a a 1 a
Lsog) = [9°° = (r* + g(1))|2"* - /® 2. (2.12)

Here the gauge field is included in Lgos). The next task is to evaluate each of the parts.



SO(3) part. Now we shall consider the SO(3) part. In the Lagrangian for the SO(3)
part, the four variables ®°, ®° (i = 1,2,3) are contained. The analysis of this part is
complicated since these are coupled. In order to carry out the path integral, it is convenient
to decouple the variables as much as possible. For this purpose we first take the coordinate
transformation

t t t t
P! = cos <§> d" — sin <§> ®?, % =sin <§> d" + cos <§> ol (2.13)

and introduce the new variables ®" and ®¢ instead of ®' and ®?. The Lagrangian after
the transformation is rewritten as

Lso@) = 9% + (r* + g(0))|@°]7 + [@7* — (r* + g(£))|@"[* + |2°* — (* + g(t))|2°?
) 92 ) )
HP = (2 + g(t) + (1/3)| 0% + (27107 — @71)
2 2
—|—§ie sin(2t/3)(®%T " — d"Tp0) — gz(r — ecos(2t/3))(@"Td? — 9Tp0)
+iesin(2t/3)(®3T D" — ®"TD3) 4 i(r + e cos(2t/3)) (P31 ? — TD3). (2.14)
Taking the shift of ®° and &3 defined by

P =% — ;i(Gal +g(t)~? [e sin (225) ®" — (r —ecos <§t>)‘1>9} ,
2
3

[\)
w

we obtain the following Lagrangian:

Lso@) = ®"1(Gg ' +g(1)@” — 1G5 + ¢(t))2% — 2" (Gy + g(t))2"

—o'T(Gy !+ g(t) DY + gqﬂdﬁ - gqﬁ@‘ (2.15)
—ort {62 sin (2t/3) [g(Gol +9()) 7 = (Gyjs + g(t))_l} sin(2t/3)} o

gt {(7‘ ~ ccos (21/3)) [g(Ggl Fgt) " — (G + g(t))l] (r — ecos (275/3))} 3’
-+ {(r — ecos (2t/3)) [g(Ggl +9(t) 7+ (G + g(t))_l] esin(2t/3)} o

vt {esin (2/3) |§(Gg" +a0) ™ + G +9(0) | (= coos(21/3) } 0.

Note that ®° and ®3 are decoupled from ®" and ®? at this stage, but ®" and &Y are still
coupled. We can however perform the path integral for ®" and ®? by using the formula

A B A0\ (1 A'B
<c D) - <c 1) (o D— CA—lB> ‘ (2.16)



The resulting effective action for the SO(3) part is given by

. -1
etl'so@) — [det(Gal +g(t)) - det(G;/l3 +g(t)) - det A - det(D — C’A_lB)] , (2.17)

4 1 1
A=Gyt 4+ g(t) + ¥sin (2t/3) | = — - —
0 9 Gyl +glt) Gy +gt)

sin (2t/3) ,

D:Gal+g(t)+%(r—ecos(2t/3)) (r —ecos (2t/3))

-
Gy +g(t)
— (r +e€cos(2t/3)) m (r+ecos(2t/3)) ,

2 4 .
B = —gﬁt—§esm(2t/3) (r —ecos (2t/3))

Gyl +g(t)
—esin (2t/3) m (7 + ecos (2t/3)) ,
2 4 1 .
C= 5825 ~ 9 (r —ecos (2t/3)) mﬁ sin(2t/3)
— (r + ecos (2t/3)) esin(2t/3) .

Gl_/lg +g(t)
Then we will examine the SO(6) part.

SO(6) part. It is straightforward to perform the path integral for the SO(6) part. The

result is
(0)
ol'soe) — ol'so) (det (1 + G1/6 g(t)) )*6 , (2.18)

where the e-independent part is written as

(0)
Tso©) = (det G}

e (2.19)

o
2.2 Ghost fluctuation
Next we shall consider the ghost part. The Lagrangian for the ghost part is given by
Lg = CCH 4+ O — (P2 + gt))(CCT + CTO). (2.20)
The path integral for (R.20) is immediately evaluated as
[det (Go' +g(1)))?. (2.21)
2.3 Fermion fluctuation

Finally, let us discuss the fermionic part. The Lagrangian for the fermion fluctuations is

t t
Ly = Q[iXT)'( — ’I“XT <71 Cos <§> —|—72 sin <§>> X
Y N ! LA o _ b oton23 2.22
€X 70053 fys1n3 X4X’Y X| - (2.22)

given by



Then we decompose the spinor y into two components as follows:
XA ~A
X = ( j) ;XA =™ (2.23)
Xa

According to this decomposition, the SO(9) gamma matrices should also be decomposed.
In our analysis only 7!, 42 and 72 are necessary and hence we write down only them here,

N = (‘“i <10 ) (i=1,2,3). (2.24)

0 o' x1

For the detail of the decomposition of the gamma matrices, see [§, RJ. The Lagrangian
after the decomposition is written as

. 1 Cate s 1 0.
XAa — ZXTAO‘XAQ +igtaRad + 1 fogA (2.25)

+x 4 [(r + €) cos(t/3) - ol + (r —€)sin(t/3) - 0’2]f XAB
X5 [(r + €) cos(t/3) - ot + (r — €) sin(t/3) - az]aﬁ X5 -

Here it is convenient to introduce new spinors x’ and x defined by

; 3

_ T N _ i ~
Xaa = (7 Xag,  X=(T8) x4 (2.26)

By using the formulae:

[01 cos(t/3) — o sin(t/3)] e "6 = gl cos(2t/3) — o?sin(2t/3), (2.27)
we can rewrite the Lagrangian as

Ly = ity a—iX'TAaxl +1X/TAOC(U ) ﬁXAg‘HXL Xa+leLaX£ + éXTAa( )’ Xas
4/ TA [l (r + ecos(2t/3)) — o 681n(2t/3)] XAﬁ
XLO‘ [ Yr + ecos(2t/3)) — o esin(2t/3)]a X5
Then we express the two components of the spinors x’ and x as

X/ = (77’ 77) ’ X = (ﬁ-’ "7/) : (2'28)

When the Lagrangian is described in terms of m, n, @ and 7, it is decomposed into two
parts: (m,n)-system and (7, 7)-system. The Lagrangian for each of these system are given

by

Ly = Lﬂ—m + Lz D (229)
1 5
L.,=i T _ 2t
n ' 9 71'—}—17777 121777
+(r + eegit)WTn +(r+ee s 't)nTw, (2.30)

. 5 .1
Leg = iw'e + S& 4+ il + 500

—(r + €e3")7 T — (r + e 31)ijl 7 . (2.31)



&

By using the formula (R.16), we can perform the path integral for 7, n, # and 7. The
effective action is given by

1 5 4 1 !
TP = det [(i@t — —) <i8t — —) — 7”2} det [1 — — - El x
12 12 (i0 — ) (0, — ) — r?
4 4
xdt[('@—i—l)('a—i—f)) Q]dtl ! Bl . (232
e 10t - 10¢ — | =T (§) — - s .
12 12 (i0 + 5) (0 + &) — 2
where E and E are defined by, respectively,
2,; 1 2 - 1 2 .
E =rees + [ i0, — — ) ee 3% T+ eestt),
€ < " 12) € - 1_12( ees™)
E = reesi 4 (i@t + i) ee_%it;(r + ee%it) . (2.33)
12 i+ >

Now we have finished the path integration for the fluctuations. The remaining task is
to evaluate the functional determinant. This will be discussed in the next section.

3. Effective action

From now on we evaluate the determinant factors obtained in the previous section. In the

evaluation we use the formula,

1
det(1 + eg) = exp <etrg - 562tr92 4+ .- ) ’
and therefore the resulting effective action is expressed as an expansion in terms of ¢,

T =T + T + €T +O(), (3.1)

where the terms of order €” with odd n are absent in our computation in accordance with
the logic of our previous work [Rd].
Before going to the analysis of the e-dependent part, let us consider the e-independent

(0)

part I' ;¢ and show the one-loop flatness:
% —o.
3.1 One-loop flatness
For the SO(3) part, the effective action is
A -1
l'so® = Idet(Ggt) - det(G;/g) ~det A - det(D — CA—lB)] : (3.2)

where the components A, B,C and D are given by

A=Gy', B= —gat, C = gat D=Gy'+ gTQGO —1r°Gy3.- (3.3)



Then we obtain that

7”2

4
D-CA'B=&+r+_ -~ 1. 3.4
t 9 F+rity (34)

Hence we can rewrite a part of the determinant factors as follows:

9

2\ 2 2 2
o7 + <a§+r2—§> ] :det[<a§+z‘at+r2—§> (af—z‘at+r2—§>] .

By using the formula

/ dk In(—k? 4 2pk + m? — i€) = in/m? + p?, (3.5)

oo 2T

4 1
det(G;/lg) -det(D — CA™'B) = det [(6,52 +72 4 —> (83 +r2 4 §> — TQ}

= det

the contribution to the effective action is evaluated as
1
22+ —.
36
This includes the only contribution from the physical degrees of freedom and the unphysical
mode related to the gauge field is surely canceled out with the ghost contribution.
Turning to the SO(6) part, we see that the contribution from the SO(6) part is given

6\/r2+i.
36

Hence the total bosonic contribution is

by

1

Finally, let us examine the fermionic contribution. The effective action is given by

e = de 104 D 10 o T € 10¢ 12 10t 12 r .

Here, noting that

o 1N\/. 5 o (o 1. 5
<28t—ﬁ> <28t—ﬁ>—7" ——<8t +§Zat—m>,

the total fermionic contribution is evaluated as

T — 8y /r2 4+ % : (3.8)

Therefore the total contribution from the e-dependent parts becomes zero:

0) 0) 0)
ngf :F1(3 +F§:
1 1
g 2 _ = 2 _— =
8\/7“ +36 8\/7’ +36 0.

I = 0. (3.9)

Thus, the one-loop flatness:

has been shown in our setup.

,10,



3.2 Evaluation of e-dependent part

The evaluation of the e-dependent parts is quite complicated and hence we need to use
the Mathematica [BI]. Here we shall show only the results after evaluating the functional
traces. We note that, due to the enormous complexity of computation, the results are
obtained in the large-distance expansion, r > 1.

First of all, at €2 order, we obtain

re =

2 17 1 61 1 1129 1 26891 1 n
:_/dt<F+22-32r_3+26-33ﬁ+29-36F+214-38ﬁ> o). (310)

We can see the cancellation between contributions of bosons and fermions up to the 1/7°
order. It is, however, possible to show that the cancellation is exact from the numerical
analysis. Hence we have shown that the effective action with €2 order should vanish:

@ —o. (3.11)

Now let us see the effective action at €* order. The contribution from the physical

modes in the SO(3) part is given by

@) 11 883 1 11-19-443 1 11-29-28793 1 _11
FSO(3>‘/dt <_¥r_3_28-3ﬁ 212. 33 7 o35 0) PO
(3.12)
and, for the SO(6) part, the contribution is
@ 31 771 19-1311 13%.4271 1 i
FSO(G) —/dt <_$ﬁ+§ﬁ+ 212‘3 ﬁ_{_ 215‘35 ﬁ —|—O(’I“ ) (3.13)

Hence the total contribution of the bosonic parts is

4) _ n4) 4)
Ts" =Tgo@) T Tso
11 163 1 17-19-89 1 131 -21661 1 _11

The contribution of the fermions is totally represented by

11 163 1 71-163 1 -1493 1
ng‘):/dt( pa8 1 1631 778 93—>+O(r11). (3.15)

2343 T 26345 T 210.33,7 T 013,36 49
Thus the net effective action at €* order is given by

4 4 4
K =10 4 {0

B 351 385 1 T
—/dt<24r7+576r9>+(9(r ). (3.16)

The contributions of the parts with 1/r, 1/r3 and 1/r5 are exactly canceled out. These
cancellations would be basically due to the supersymmetries. And the resulting effective

— 11 —



potential is 1/7"-type as in the case of the BFSS matrix model. We should note that
the above expression is written in the Minkowski formulation and so the leading term of
the potential is attractive. Then we should note that the subleading term of order 1/r°
exists and it is also attractive. Firstly, the term of 1/r%-type does not appear in the
BFSS case where the subleading term is 1/r!! and this corresponds to the dipole-dipole
interaction . The presence of the 1/r” term implies the existence of the dipole-graviton
interaction or the interaction between single poles. The appearance of this term is a new
effect intrinsic to the pp-wave case. Furthermore, we should note that the subleading term
is attractive while the subleading term in the spherical membrane cases is repulsive. Since
the transverse SO(9) symmetry is broken due to the effect of non-vanishing curvature of
the pp-wave background, it is not a mystery to obtain the different graviton potential in
each of the SO(3) and SO(6) symmetric spaces. It is, however, still interesting to see
the apparent difference between the graviton interactions in the SO(3) and the SO(6)
symmetric spaces.

4. Conclusion and discussion

We have computed the two-body interaction potential between the point-like graviton
solutions in a sub-plane in the SO(3) symmetric space by considering the configuration
drawn in Figfl. The leading term of the potential is 1/ r7 and thus strongly suggests that
our result should be closely related to the scattering in the light-front eleven-dimensional
supergravity. We expect that this potential should be realized from the computation in the
supergravity side by using the spectrum of the linearized supergravity around the pp-wave
background [BJ]. In this direction the work [B3] would be helpful.

So far we have computed the interaction of the spherical membrane fuzzy spheres
(giant gravitons) in the SO(6) space and the scattering of the point-like gravitons in the
SO(3) symmetric space. It is interesting to consider the interaction between a point-like
graviton and a spherical membrane graviton. We hope that the result will be reported in
the near future as another publication [B4)].

Our analysis and results will be an important clue to study some features of M-theory
on the pp-wave background and to shed light on the substance of M-theory.
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